ABSTRACT This paper investigates the output regulation problem of Boolean control networks by nonuniform sampled-data control, where the sampling period is aperiodic. By using the semi-tensor product technique, some necessary and sufficient criteria are put forward for the solvability of this problem. Moreover, an executable adjustment algorithm is constructed for the feasible controller's design. Finally, an illustrative example demonstrates the applicability of the criteria in the output regulation problem.
I. INTRODUCTION
In recent years, experimental results have further confirmed that Boolean networks (BNs), proposed by Kauffman in 1969 [1] , are capable of characterizing gene regulatory networks efficiently. In this simple discrete-time dynamic system, the level of each state is estimated by two values, which respectively correspond to 1 (active) and 0 (inactive). For the sake of describing the manner in which cell execute and control the normal functions, binary control inputs are drawn into the BNs, it leads the generation of Boolean control networks (BCNs) [2] . In essential, a BCN can be regarded as a special switching system with switching among different BNs. Recently, BNs and BNs-based approach gradually become interesting research topics for many scientists and scholars. It includes but is not limited to game theory [3] , nonlinear shift register [4] , [5] , and engineering [6] .
For a long time in the past, there lacks a universal tool to analyze these kinds of binary systems. Until the arise of semi-tensor product (STP) proposed by Cheng et al. [7] , many classical control problems are successfully implied in the fields of BNs or BCNs, for instance, controllability and observability [8] - [10] , stabilization and set stabilization [11] - [19] , [23] , [24] , robust control invariance [25] , [26] ,
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As is well known, the output regulation problem requires to design a feasible control scheme for a fixed plant in order to track its output referred to the given signals generated by some external system, i.e., an exosystem [31] . In [30] , it has been shown that the study of output regulation is significant in the gene regulation networks. For example, for the sake of manipulating the large-scale dynamics of the lactose regulation system of the Escherichia coli bacteria, a feasible state feedback control approach has been formulated to make the outputs of system tracking a desired level, that is, a given trajectory. Besides, the investigations of output regulation problem are also relative to the feedback shift register. One of the most interesting and important issues in the study of feedback shift register is the approach to construct feedback functions such that the register can output a given l length periodic sequence. This can be regarded as an output regulation problem of Boolean networks with time-varying reference signals to some extent. Consequently, Li et al. [35] firstly considered the output regulation of BCNs, by utilizing the STP technique, a universal and novel procedure for design the feasible state feedback controllers was proposed based on an augmented system. By resorting to this method, Chen and Liang [36] investigated this problem of a BCN with stochastic disturbances, some matrix testing conditions were obtained to check whether the outputs can attain the reference signal produced by an external given system with disturbances. Similarly, this procedure has been further adopted to deal with the output tracking problem of BCNs. Zhu et al. [21] considered the output tracking problem of probabilistic BCNs, an output feedback control scheme was purposed to realize the so-called tracking. Actually, in addition to the applications mentioned above, the output regulation problem is also revelent to the study of feedback shift register. For instance, in the field of the feedback shift register, it is a fundamental problem to develop feasible feedback functions, which guarantee the register can output an anticipated periodic sequence [5] .
The design of controllers is always a hot and interesting topic in the study of complex networks. There has been many distinctive control schemes implied to address several problems of BCNs, including but not limited to, pinning control [8] , [34] , event-triggered control [16] , [32] , [33] . As a discontinuous type of controller gotten from sensors and transmitters, sampled-data control has a wide application in practice. In [18] , the attempt for the sampled-date set stabilization of BCNs was made by Zhu et al. At the same time, the topological structure of sampled-data controlled BCNs was also studied. In probabilistic BCNs, Liu et al. [37] firstly studied the global stabilization problems. With the development of technique, the sampled-data control with constant sampling period becomes limited in some special cases, such as the intelligent traffic model. Therefore, Lu et al. [38] designed an aperiodic sampled-data controller to realize the stabilization of BCNs in virtue of Lyapunov functions. Besides, an openloop nonuniform sampled input was applied to study the controllability and stabilization of BCNs [39] . Meanwhile, the existence of stochastic perturbations might affect the choice among the different sampling periods. To be consistent with the actual situation, stochastic nonuniform sampling should be recognized as a characteristic, while we consider the sampled-data feedback control with different periods, which is called stochastic nonuniform sampled-data control (SNSDC) in the below context. Motivated by the above observation, it is of biological significance to study the output regulation of BCNs by SNSDC. The main contributions of this note are concluded as follows:
1) An equivalent dynamic equation is first formulated for the evolution of states at sampling time, without considering the states between two sampling time. Based on this novel model, a necessary and sufficient condition is derived for the solvability of output regulation problem. 2) To be more computationally ideal, another necessary and sufficient criterion is put forward. And an adjustment algorithm is proposed to construct the feasible sampleddata scheme. The rest of paper is organized as follows. Section II introduces the STP technique and the concept of output regulation problem. In Section III, we present the main results of this paper, which contains the solvability of output regulation problem under SNSDC. An illustrative example is given to show the application of the obtained results in Section IV. Finally, Section V concludes this paper.
II. PRELIMINARIES
Throughout this note, these notations are necessary for modeling and analyzing, they are listed as follows.
1) R and N are respectively the sets of real numbers and integers. 2) [a : b] includes all integers between a ∈ N and b ∈ N . 3) R m×n is the real m × n matrix set. 4) D := {0, 1}, and
, where I n is a n × n identify matrix.
A. STP OF MATRICES
In this subsection, the STP of matrices and some properties are introduced. Based on which, any logical function can be converted into its logical form. Definition 1 Cheng et al. [7] : The STP of A ∈ R m×n and B ∈ R p×q is defined as
where α = lcm(n, p) is the least common multiple of n and p, '⊗' is the Kronecker product of matrices.
Observe Definition 1, the STP of matrices provides a method to multiply two matrices with arbitrary dimension, thus it generalizes the conventional matrix product to a certain extent [7] . In this paper, symbol '' '' is usually omitted without any confusion.
The another advantage of STP is that it processes pseudocommutation, which is presented as following (please see [7] for more details).
Lemma 1 Cheng et al. [7] : Let X ∈ R m×1 , then the called swap matrix is defined as
Utilized by W [m,n] , the pseudo-commutation properties are concluded as follows:
Lemma 2 Cheng et al. [7] : Let x = x 1 x 2 · · · x n with x i ∈ 2 , i = 1, 2, . . . , n, then x 2 = n x, where 
. By function (·), any logical function with n variables f : D n → D can be expressed in the algebraic representation by the following lemma.
Lemma 3 Cheng et al. [7] : For any logical function
B. PROBLEM FORMULATION
A BCN with n 1 nodes and m inputs can be described as u(t) ), . . .
where Boolean vectors x(t) = (x 1 (t), x 2 (t), · · · , x n 1 (t)) ∈ D n 1 , u(t) = (u 1 (t), u 2 (t), · · · , u m (t)) ∈ D m and y(t) = (y 1 (t), y 2 (t), · · · , y p (t)) ∈ D p are the state, input and output vector, respectively.
The reference BN is given as
where Boolean vectors x(t) = (x 1 (t), x 2 (t), · · · , x n 2 (t)) ∈ D n 2 and y(t) = (y 1 (t), y 2 (t), · · · , y p (t)) ∈ D p are state vector and output vector, respectively. The output regulation problem is to design a feasible control scheme such that for all initial states x(0) ∈ D n 1 and x(0) ∈ D n 2 , the corresponding output trajectory of system (1) and system (2), i.e., y(t) = y(t), exhibit the identical dynamics after finite time steps.
Based on the mapping (·), postulate that x(t) = (x(t)), u(t) = (u(t)) and y(t) = (y(t)), the algebraic representation of equations (1) and (2) can be obtained as
where L ∈ L 2 n 1 ×2 m+n 1 and H ∈ L 2 p ×2 n 1 . Similar to the above, the reference BN (2) can be converted into
where L ∈ L 2 n 2 ×2 m+n 2 and H ∈ L 2 p ×2 n 2 .
In this paper, the designed controller is a kind of sampleddate controller with nonuniform sampling periods in the form of
where t l ≤ t < t l+1 and sampling period τ := t l+1 − t l ∈ {τ 1 , τ 2 } with probability distribution {p, 1 − p}, respectively. In addition, t 0 , t 1 , · · · are sampling times, and Boolean functions e j , j = 1, 2, . . . , m are all mappings:
The equivalent form of the above control strategy is calculated as
where E ∈ L 2 m ×2 n 1 +n 2 is called the state feedback gain matrix.
III. MAIN RESULTS
In this section, we aim to address the output regulation problem by controller (6) . That is to find a feasible logical matrix E such that the output regulation problem is solvable. Motivated by the representation of controller (6), a bijective map is defined from 2 n 1 × 2 n 2 to 2 N by z(t) = x(t)x(t), where N = n 1 + n 2 . Similar to z(t), assuming that v(t) = y(t)y(t), then the novel argument system can be equivalently expressed by
If
, it claims that it is equivalent with = δ
Thereby, based on this set, the output regulation problem can be transformed into a conventional set stabilization problem. Focusing on the controller (6), the control input at VOLUME 7, 2019 time t is the feedback of the state at the last sampling point t l . Based on this, we formulate the following novel system as
where E(z(t)) is the mathematical expectation of z(t) and
Remark 1: In fact, the idea of matrix L S can be used to analyze a more generalized sense with more than two sampling periods.
This model provides a convenience for analysis the states at the sampling time [18] , [37] , [39] .
Theorem 1: Consider system (7), the output regulation problem is solvable by SNSDC (6), if and only if, there exists a logical matrix E
The condition 1) is equivalent with the condition that the output y(t l ) and y(t l ) at every sampling time t l is synchronous, when t l > h. It is supposed by Theorem 1 in the [36] .
As for the condition 2), if the output regulation problem is solvability, then the output between t l and t l+1 also should keep consistent. For i ∈ ζ Col (L h ) and any sampling period
The conditions in the above theorem are not computationally ideal for the design of the feedback matrix E. It is still necessary to propose an effective algorithm to design corresponding controller for the output regulation problem. Producing by system (7), for a set A ⊆ 2 n , let B 1 ( ) consist of the states belonging to 2 N such that P{z(1; δ i 2 N , u(t)) ∈ A} = 1 holds for some u(t) ∈ 2 m and B k+1 ( ) made up of the states z(t) such that P{z(1; z(t), u(t)) ∈ B k (A)} = 1 holds for some u(t) ∈ 2 m . Then we have the following result.
Theorem 2: The output regulation problem is solvable by SNSDC (6), if and only if, the exists a non-empty subset

⊆
satisfying the following two conditions:
≺ ( ) is to control the outputs of (2) and (3) at time between t l and t l+1 , as shown in Theorem 1. Thus, we can directly discuss dynamics (8) .
(Sufficiency) Condition 1) shows that for any z(t l ) ∈ , we can find an input δ 
. From the construction process of E, it claims that the output regulation problem can be solved by the designed controller.
(Necessity) Now, assume that output regulation problem is solvable by controller (6), then the set satisfying condition 1) and 2) must can be found. If not, the consistence of output y(t) and y(t) and the reachability from an initial starting state in 2 N fails. Now we only need to prove that ⊆ . If ⊆ , take δ i 2 N ∈ \ , since is the limit state set of system (8), there must exist an integer T such that P{z(T ; δ i 2 N , Ex(t)) ∈ } < 1. Notice the construction of set , then we obtain that P{y(T ; δ i 2 N , Ex(t)) = y(T ; δ i 2 N , Ex(t))} > 0, which is a contradiction to the solvability of the output regulation problem by SNSDC (6) . Hence, it holds that ⊆ . The proof is completed.
The proof of Theorem 1 provides a constructive procedure for the design of the state feedback gain matrix E summarized as follows: Algorithm 1 Suppose That the Conditions 1) and 2) in Theorem 2 are Satisfied, the SNSDC can be Design by This Algorithm.
Step 1: Calculate B k ( ) for k = 1, 2, · · · , κ.
Step 2: For any δ i 2 N ∈ 2 N , find the unique integer
Step 4: The state feedback matrix can be given as
IV. AN ILLUSTRATIVE EXAMPLE
Example 1: Consider the following simple BCN with two nodes and one input as
where x 1 , x 2 are states, u is the control input, y 1 is the output of system. All of them belong to D.
The given reference system is presented as follows:
Supposing that x(t) = 2 i=1 x i (t), x(t) = x 1 (t), y(t) = y 1 (t), and y(t) = y 1 (t), by STP technique, the equivalent algebraic form of above network can be obtained with
and H = δ 2 [1, 2] .
Define the transformation z(t) = x(t)
x(t), the new augmented system as form (7) can be given as z(t + 1) = Lu(t)z(t), v(t) = Hz(t) where L = δ 8 [ 1, 1, 3, 3, 3, 3, 1, 1, 1, 1, 1, 1, 3, 3, 3, 3] and H = δ 4 [1, 2, 1, 2, 3, 4, 3, 4] .
Taking the sampling period τ ∈ {τ 1 = 1, τ 2 = 2} with probability 0.5 and 0. 1, 1, 2, 1, 1, 1, 1, 1] .
V. CONCLUSION
This brief paper has studied the output regulation problem of BCNs by SNSDC. Based on the STP technique, the algebraic representation of logical dynamic has been utilizing. And the equivalent evolution equation for the states at sampling time has been given. Thereby, some necessary and sufficient conditions has been developed to check the solvability of the output regulation problem. Further, a constructive approach has been provided for the SNSDC strategy. Finally, the effectiveness of the obtained results has been demonstrated by a numerical example.
